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One of the questions being researched is the construction of infinite power free words. We define the *repetition threshold* $\documentclass[12pt]{minimal}
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In \[[@CR10]\], Restivo and Salemi presented a list of five problems that deal with the question of extendability of power free words. In the current paper we investigate Problem 4 and Problem 5:Problem 4: Given $\documentclass[12pt]{minimal}
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A recent survey on the progress of solving all the five problems can be found in \[[@CR7]\]; in particular, the problems 4 and 5 are solved for some overlap free ($\documentclass[12pt]{minimal}
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In 2009, a conjecture related to Problems 4 and Problem 5 of Restivo and Salemi appeared in \[[@CR12]\]:
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In 2018, Conjecture [1](#FPar1){ref-type="sec"} was presented also in \[[@CR11]\] in a slightly different form.
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In the current article we improve the results addressing Problems 4 and Problem 5 of Restivo and Salemi from \[[@CR7]\] as follows. Let $\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
=============
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                \begin{document}$${{\,\mathrm{L}\,}}_{k,\alpha }^{\mathbb {N}}=\{w\in \varSigma _k^{\mathbb {N}}\mid {{\,\mathrm{F}\,}}(w)\subseteq {{\,\mathrm{L}\,}}_{k,\alpha }\}$$\end{document}$. In addition we define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{L}\,}}_{k,\alpha }^{\mathbb {N},R}={{\,\mathrm{L}\,}}_{k,\alpha }^{\mathbb {N}}\,\cap \,\varSigma _k^{\mathbb {N},R}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$${{\,\mathrm{L}\,}}_{k,\alpha }^{\mathbb {N},L}={{\,\mathrm{L}\,}}_{k,\alpha }^{\mathbb {N}}\,\cap \,\varSigma _k^{\mathbb {N},L}$$\end{document}$; it means the sets of right infinite and left infinite $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$-power free words.

Power Free Languages {#Sec3}
====================

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \begin{document}$$(k,\alpha )\in \varUpsilon $$\end{document}$ and let *u*, *v* be $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$-power free words. The first lemma says that *uv* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\alpha $$\end{document}$-power free if there are no word *r* and no nonempty prefix $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\bar{v}$$\end{document}$ of *v* such that *rr* is a suffix of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\bar{v}$$\end{document}$ and *rr* is longer than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{v}$$\end{document}$.

Lemma 1 {#FPar4}
-------

Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(k,\alpha )\in \varUpsilon $$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\in {{\,\mathrm{L}\,}}_{k,\alpha }$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in {{\,\mathrm{L}\,}}_{k,\alpha }\cup {{\,\mathrm{L}\,}}_{k,\alpha }^{\mathbb {N},R}$$\end{document}$. Let$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}\varPi =\{(r,\bar{v})\mid r\in \varSigma _k^*\setminus \{\epsilon \} \text{ and } \bar{v}\in {{\,\mathrm{Prf}\,}}(v)\setminus \{\epsilon \} \text{ and } \\ rr\in {{\,\mathrm{Suf}\,}}(u\bar{v}) \text{ and } \vert rr\vert >\vert \bar{v}\vert \}\text{. }\end{aligned}$$\end{document}$$If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPi =\emptyset $$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$uv\in {{\,\mathrm{L}\,}}_{k,\alpha }\cup {{\,\mathrm{L}\,}}_{k,\alpha }^{\mathbb {N},R}$$\end{document}$.

Proof {#FPar5}
-----

Suppose that *uv* is not $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$-power free. Since *u* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$-power free, then there are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in \varSigma _k^*$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in \varSigma _k$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$tx\in {{\,\mathrm{Prf}\,}}(v)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$ut\in {{\,\mathrm{L}\,}}_{k,\alpha }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$utx\not \in {{\,\mathrm{L}\,}}_{k,\alpha }$$\end{document}$. It means that there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r\in {{\,\mathrm{Suf}\,}}(utx)$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r^{\beta }\in {{\,\mathrm{Suf}\,}}(utx)$$\end{document}$ for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\beta \ge \alpha $$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\beta >\alpha $$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ is a "number with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$+$$\end{document}$"; recall Definition [1](#FPar2){ref-type="sec"} of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \begin{document}$$\varUpsilon $$\end{document}$. Because $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\alpha \ge 2$$\end{document}$, this implies that $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$rr\in {{\,\mathrm{Suf}\,}}(r^{\beta })$$\end{document}$. If follows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(tx,r)\in \varPi $$\end{document}$. We proved that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$uv\not \in {{\,\mathrm{L}\,}}_{k,\alpha }\cup {{\,\mathrm{L}\,}}_{k,\alpha }^{\mathbb {N},R}$$\end{document}$ implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\varPi \not =\emptyset $$\end{document}$. The lemma follows.    $\documentclass[12pt]{minimal}
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The following technical set $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$\varGamma (k,\alpha )$$\end{document}$ of 5-tuples $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(w_1,w_2,x,g,t)$$\end{document}$ will simplify our propositions.

Definition 2 {#FPar6}
------------

Given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
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                \begin{document}$$(k,\alpha )\in \varUpsilon $$\end{document}$, we define that $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$(w_1,w_2,x,g,t)\in \varGamma (k,\alpha )$$\end{document}$ if $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{mathrsfs}
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                \begin{document}$$x\in \varSigma _k$$\end{document}$,$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_1w_2xg\in {{\,\mathrm{L}\,}}_{k,\alpha }$$\end{document}$,$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$$t\in {{\,\mathrm{L}\,}}_{k,\alpha }^{\mathbb {N},R}$$\end{document}$,$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \begin{document}$$g\in {{\,\mathrm{Prf}\,}}(t)$$\end{document}$,$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$${{\,\mathrm{occur}\,}}(w_2xgy,xgy)=1$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$gy\in {{\,\mathrm{Prf}\,}}(t)$$\end{document}$, and$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\,\mathrm{occur}\,}}(w_2,x)\ge {{\,\mathrm{occur}\,}}(w_1,x)$$\end{document}$.

Remark 2 {#FPar7}
--------

Less formally said, the 5-tuple $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$(w_1,w_2,x,g,t)$$\end{document}$ is in $\documentclass[12pt]{minimal}
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                \begin{document}$$\varGamma (k,\alpha )$$\end{document}$ if $\documentclass[12pt]{minimal}
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                \begin{document}$$w_1w_2xg$$\end{document}$ is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$\varSigma _k$$\end{document}$, *t* is a right infinite $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$-power free word over $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma _k$$\end{document}$, *t* has no occurrence of *x* (thus *t* is a word over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma _k\setminus \{x\}$$\end{document}$), *g* is a prefix of *t*, *xgy* has only one occurrence in $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_2xgy$$\end{document}$, where *y* is a letter such that *gy* is a prefix of *t*, and the number of occurrences of *x* in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$$w_1$$\end{document}$, where $\documentclass[12pt]{minimal}
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The next proposition shows that if $\documentclass[12pt]{minimal}
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                \begin{document}$$\varUpsilon $$\end{document}$.

Proposition 1 {#FPar8}
-------------

If $\documentclass[12pt]{minimal}
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                \begin{document}$$(w_1,w_2,x,g,t)\in \varGamma (k,\alpha )$$\end{document}$ then $\documentclass[12pt]{minimal}
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                \begin{document}$$w_1w_2xt\in {{\,\mathrm{L}\,}}_{k,\alpha }^{\mathbb {N},R}$$\end{document}$.

Proof {#FPar9}
-----

Lemma [1](#FPar4){ref-type="sec"} implies that it suffices to show that there are no $\documentclass[12pt]{minimal}
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We proved that the assumption of existence of *r*, *u* leads to a contradiction. Thus we proved that for each prefix $\documentclass[12pt]{minimal}
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Lemma 2 {#FPar10}
-------
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Proof {#FPar11}
-----
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We define the sets of extendable words.

Definition 3 {#FPar12}
------------
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Lemma 3 {#FPar13}
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Proof {#FPar14}
-----
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Proposition 2 {#FPar15}
-------------
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Proof {#FPar16}
-----
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Proof {#FPar18}
-----
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Lemma 4 {#FPar19}
-------
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Proof {#FPar20}
-----

Since *t* is an infinite word, the set of recurrent factors of *t* is not empty. Let *g* be a recurrent nonempty factor of *t*; *g* may be a letter. Obviously there is $\documentclass[12pt]{minimal}
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The next lemma shows that if *u* is a right extendable $\documentclass[12pt]{minimal}
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Lemma 5 {#FPar21}
-------
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Proof {#FPar22}
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